Chapter One — Linear Equations and Inequalities

Linear Geometry .
Creating, graphing, and measuring lines amd line segments

I.I  Solve the equation: 3x — (x —7) = 4x —5.

Distribute -1 through the parentheses and combine like terms.
3x—x+7=4x—5
2x+7=4x-5

Subtract 4xand 7 from both sides of the equation to separate the variable and
constant terms.

2 + 7 = 4x — 5
—4x - 7 —4x - 7
—2x = - 12
Divide both sides by -2 to get the solution.
—2x _—12
-2 -2
x=6

1.2 Calculate the slope, m, of the line 4x - 3y =9.

Solve the equation for yin order to rewrite it in slope-intercept form.

Slope-

‘ ievcept Lovim of o o
lm‘e 5y = wmx + b, wheve -3 3
w is the slope of the line e

amd b is Hhe y-mtevcept.

4
The slope of the line is the coefficient of x: m = 3

A
1.3  Prove that the slope of a line in standard form, Ax + By = C, is 5

The equation’s i

stamdava Loy Wi Write the equation in slope-intercept form by solving it for y.

Lc‘;:,gy (Dne j"“d'iows, @) Ax+By=C

X-omd y-t+

the 1ot sias, (3) oar, By=—Ax+C
side, (3) Just A C

the constomt on the y=—pg*tg

vight side, and @) A
positive x-coeflicient,

The coefficient of x is the slope of the line: m = 5

4
1.4  Rewrite the linear equation 3x — 4(x = % y) =k (7y + 3) in standard form.

Distribute the constants and combine like terms.
8 4
3x—4x+—y=—x—T7y—3
x —4x 3 y 5 x—"Ty

8 4
—x+—y=—x—Ty—3
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Chapter One — Linear Equations and Inequalities

Multiply by 15, the least common denominator, to eliminate fractions.

—-15x+40y=12x - 105y - 45

Multiply the
ewtive equation
by —| so that
the x-coeflicient
is positive. (It's &
vequivement of
stomdAavd fovim,)

Separate the variable and constant terms.

—27x+145y=—45
27x—145y =45

Write the equation of the line passing through the points (-3,-8) and (-6,2) in
slope-intercept form.

Calculate the slope of the line.

=% _ 2-(=8) _10 _ 10
x—% —6—(-=3) -3 3

m =

Substitute the slope into the slope-intercept formula (y = mx + b) for m, replace x
and y using one of the coordinate pairs, and solve for b.

Think of the pont
(=3-8) axs (XVYK) amd

y= mx+ b ("‘6,2) aAS (7‘1/)’2)/ SO X, = ”5’
10 y‘ = ._—8'/ XZ = ——C, 0\"\A
—8§=—""(=3)+b
5 (3 v, = 2.
—8=10+b
b=-—18

Substitute m and b into the slope-intercept formula.

y=mx+b
1
y=—?0x—18

Calculate the x- and y-intercepts of 3x — 4y = -6 and use them to graph the line.

To calculate the x-intercept, substitute 0 for y and solve for x. Similarly, substitute
0 for x to calculate the y-intercept.

3(0)—4y=—6 3x—4(0)=—6
—4y=-6 3x=—06

_3 x=—2

’79
Therefore, the graph of 3x — 4y = -6 intersects the x-axis at (-2,0) and the y-axis at

0.5} as illustrated by Figure 1-1.
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Chapter One — Linear Equations and Inequalities

Figure 1-1

3
1 (0’5) The graph of 3x — 4y = —6 with its x- and
y-intercepts identified.

(-2,0)

AT

The
Pout-slope
‘pOVlMM'a, cveates
M equation based
oM the slope o Hhe
line, w, ama A point
on the line, (<,y,). Dow't
Plug anything iw Lov e
X omd v Hhat A oWt hoye

Hhewm,

1.7  Assume that line p contains the point (-3,1) and is parallel to x — 4y= 1. Write
the equation of p in slope-intercept form.

Calculate the slope of x — 4y = 1 using the method of Problem 1.3.
A 1 1

Plug this slope and the coordinates (x,,y,) = (-3,1) into the pmt»sc,)pe formula.

Y~ h =m(x—x1)
y=1= (= (-3)

_1—lx+§
YTy

Solve for y to express the equation in slope-intercept form.
1 7
=—x+—
YTy

Note: Problems 1.8 - 1.10 refer to parallelogram ABCD in Figure 1-2.

1.8. According to a basic Euclidean geometry theorem, the diagonals of a
parallelogram bisect each other. Demonstrate this theorem for parallelogram
ABCD.

_D=(6,4) _C=(11,4)

Figure 1-2
Parallelogram ABCD.

Calculate the midpoints of AC and BD; the diagonals bisect one another if and
only if those midpoints are equal.
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Chapter One — Linear Equations and Inequalities

Midpoint of AC : Midpoint of BD :
(2+11 1+4)_(§ §) (7+6 1+4)_(§ g)
2 "2 2°'9 2 7 2 2’2

Note: Problems 1.8 - 1.10 refer to parallelogram ABCD in Figure 1-2.
1.9  Prove that ABCD is a rhombus by verifying that its sides are congruent.

The
Alstance
between tHhe
Points (<) ama
(XZ/)’Z) is

G =T T,

Apply the distance formula four times, once for each side.

AB=\(7-2F +(1-1 BC=y11-7)* +(4—1)

=5 =5

CD=\(6-11 +(4—4) AD=/(6—-2)+(4—1)
=\/25—+0 =\/m
=5 =5

Note: Problems 1.8 - 1.10 refer to parallelogram ABCD in Figure 1-2.

1.10 Prove that ABCD is a rhombus by verifying that its diagonals are perpendicular
to one another.

Calculate the slopes of the diagonals using the slope formula from Problem 1.5.

— 4-1 — 4-1
Slope of AC: m = —— 5 Slopeof BD: my=-— ' Pavallel
- - mes have equal
1 3

of pevpendicular
lines ave vecipvocals
of one amother aua

hoawe opposite Sigws,

The diagonals are negative reciprocals, so the line segments are perpendicular.

Linear Inequalities and Interval Notation
Goodbye equal sigw, hello paveutheses amd brackets

1.1l Write the expression x = —4 using interval notation.

Always use
paventheses wext
to o0 when writing
mtevvals. You
com’t “nclude”
something that's

wot o Hivite, veal

numbey.

An interval is defined by the two values that bound an inequality statement,
the lower followed by the upper bound. You must indicate whether or not each
endpoint is included in the interval. (A bracket next to an endpoint signifies
inclusion, and a parenthesis indicates exclusion.)

Any number greater than or equal to —4 makes this statement true; —4 is the lower
bound and must be included. The upper bound is infinity. Therefore, x = -4 is
written [—4,00).
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Chapter One — Linear Equations and Inequalities

1.12 Write the expression x < 10 using interval notation.

The upper bound is 10 and should be excluded (since 10 is not less than 10).
Any number less than 10 makes this statement true; there are infinitely many
such values in the negative direction, so the lower bound is —. Therefore, the
inequality statement is written (-,10).

Use & \pvo\C\‘C
the inequalivy
sywol wext to
‘_‘/\e “uw\bev 1S é ov
>—othevwise Use &
¢ aventhesis. Alwarys
use pavenrheses

1.13  Write the expression 6 = x> -1 using interval notation.

The lower bound must always precede the upper bound, regardless of how the
expression is written: (-1,6].

1.14 Write the solution to the inequality using interval notation: 4x — 2 > x + 13.

Separate variables and constants, then divide by the coefficient of x.
4x—x>13+2
3x>15
x>5
Write the solution in interval notation: (5,).

1.15 Write the solution to the inequality using interval notation:
3(2x-1) -5 < 10x + 19.

Distribute the constant, combine like terms, and isolate x on the left side of the
equation.

£ you wmultiply ov
Awvide both sides of am
inequality by o negative
numbey, vevevse the
inequality sigu. In this
case, £ becomes >,

6x—3—-5=<10x+19

6x—8<10x+19
—4x <27

Dividing by a negative constant fundamentally changes the inequality: x = —%.

7
Write the solution in interval notation: [‘T’w).

1.16 Graph the inequality: -2 < x< 3.

Rewrite the inequality as an interval: [-2,3). To graph the interval on a number
line, place a dot at each boundary (closed dots for included boundaries and open
dots for excluded boundaries). All values between those boundaries belong to the

Some textbvooks
use bvackets

instead of interval, so darken the number line between the dots, as illustrated by Figure 1-3.
closeA Aots ana
e sy D S e o o
mstead of open -7 6 5 4 -3 -2 -1 0 1 2 3 4 5 6 7
Aots on the

The graph of -2 < x < 3 includes the interval boundary x = -2,
but excludes x = 3.

numbey line,

Figure 1-3
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Chapter One — Linear Equations and Inequalities

1.17 Graph the inequality: x> —1.

There is no upper bound for the interval (-1,%0), but all values greater than
-1 satisfy the inequality. Therefore, shade all numbers greater than -1 on the
number line, as illustrated in Figure 1-4.

} O . : —
-2 -1 0 1 2

Figure 1-4  The graph of x > —1 excludes the lower boundary, x = -1.

1.18 Solve and graph the inequality: -7 < 1 — 2x < 11.

Isolate —2x in the middle of the compound inequality by subtracting 1 from each
expression. Next, divide each expression by -2 to isolate x, reversing the inequality

signs as you do.
B ¥ —7-1=-2x<11-1

-8 —-2x 10
-2 -2 =2
4>x>-5h

The graph of the solution, (-5,4], is illustrated in Figure 1-5.

A

Figure 1-5  The graph of -7 < 1 - 2x < 11 includes x = 4 and excludes x = =5.

1
119 Graph the inequality: y < =g & + 2

This inequality contains two variables, x and v, so it must be graphed on the
coordinate plane. Note that the inequality is solved for yand (apart from the
inequality sign) looks like a linear equationlin slope-intercept form. The linear
inequality has y-intercept (0,2) and slope — .

Stick
the negative sign
ow top: % . Stawvting at
the y-intevcept, go Aown |
unit, vight 3 units, and mavk

the pont. Conmect the Aots

Figure 1-6 to gvaph the line.
e | 1
s The graph of ¥ <~ 3%* 2 s dotted rather than
=S ~ solid, because it is excluded from the solution

D (Like an open dot indicates exclusion from an
-6 -2 B I8 B |4 o

mequality graph on a number line).
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Chapter One — Linear Equations and Inequalities

The dotted graph separates the coordinate plane into two regions (one above and
one below the line). To determine which region represents the solution, choose a
point (x,y) from one of the regions and substitute the values into the inequality. If

the resulting statement is true, shade the region that contains that point. If not,
shade the other region. ‘j'

1.20 Solve the equation: 2x - y < 4.

By shading
the vegion, youve
saying, “All of these

ponts, wot just the one
| tested, make the
inequality true!’

Solve the inequality for y.
—y<—2x+4

y=2x—4

This graph is solid (not dotted) because the line itself belongs to the solution.

Shade the region above the line, as illustrated in Figure 1-7.
I

£ you Aovt Peel
like testing ponts
o figure outr wheve
to shade, solve the
equation fov y omd
use this vule of
Haump: Shade avove
tHhe line fov ‘greater Figure 1-7

" elow the
Fhow’ and v / All of the ordered pairs above the line are valid
I8

- o Haowm.”
line for “less " F F P solutions fo the inequality 2x — y < 4.

7

Absolute Value Equations and Inequalities
Solve two tHhings for the price of owe

1.2l  Solve the equation: |3x —7| = 8.

In order for this statement to be valid, the absolute value expression must either
equal 8 (since [8| =8) or -8 (since |-8| =8).

Sx—7=8 3x—7=-8

3x=15 x=-—1
x=b 1
x=——
; 3
The solution is x = —g or x=>5.

1.22  Solve the equation: 1 —2|x+ 6| =—4.

The Humongous Book of Calculus Problems



Chapter One — Linear Equations and Inequalities

1.23

1.24

1.25

Isolate the absolute value expression on the left side of the equation.
—2|x+6|=—5

Rewmove the
absolute value
bawvs omd cveate

5
|x+6]==
2

Apply the technique described in Problem 1.21.

5 5 two equations—one
x+6= 3 x+6= ~3 with a positive vight
512 5 12 side omd one with o
= o negative vight side.
4 17
xXx=—— X=——"
9 2

Solve the equation: 9 —3|x +2| =15.

Absolute values
always produce
a positive wumbey, so
theve's no way something
W absolute values cam
equal -2.

Isolate the absolute value expression on the left side of the equation.
—3lx+2/=6
|x+2|=—2

This equation has no solution. <—

Solve the inequality: |x — 5[ <1.

The solution to the absolute value inequality [x +a| < b, where a and b are real
numbers (and > 0), is equivalent to the solution of the compound inequality
~b<x+a<bh <€

—-1<x—-bH<

Dvop the
mequality baws,
stick a matching
inequality sign on the
left, amd thew put the
opposite of the vight
side on the left
side.

Solve the inequality using the method described in Problem 1.18.

—-1+6<x<1+45
4<x<6
The solution, in interval notation, is (4,6).

Graph the solution to the inequality: 2|x—7| -5 <—1

Isolate the absolute value expression on the left side of the inequality.
2lx—"7|<—1+5
2|x—"17| < 4
2 2
lx—7]<2

Create a compound inequality (as explained in Problem 1.24) and solve.
—2 <=x—7 <2
—-2+7 =« =2+7
5 =x =9

The solution, [5,9], is graphed in Figure 1-8.
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Chapter One — Linear Equations and Inequalities

f I @ . ¢ : ® f i
3 4 5 6 7 8 9 10 11

The solution graph of 2|x —7|— 5 < —1 is a closed interval
because both endpoints (x = 5 and x = 9) are included.

Figure 1-8

1.26 Solve the inequality: [2x + 5] = 3.

Rewrite an inequality of form |ax +b| = ¢ as two new inequalities, ax + b = cand
ax+ b = —¢, and solve. The union of the solutions is equivalent to the solution of
the original inequality.

2x+5=3 2x+5<-3
2x=—2 or 2x<—8
x=—1 x<—4

The solution, in interval notation, is (,—-4] or [-1,0). The word “or” does not
imply that either interval by itself is an acceptable answer, but rather that both
intervals together (and therefore all values from both intervals) constitute the
solution.

1.27 Solve the inequality and graph the solution: 2 — 3|x +1| <—5.

o solve & Isolate the absolute value expression on the left side of the inequality.

> ov 2 apsolute —8lx+1]<—7
value ineauality, . 7

without apsolute value
Yows. One will match
the ovig‘mo\\ mnequality.

Dividing by -3 reverses the inequality sign; apply the solution method outlined in
Problem 1.26.

The other looks *"’\_e x+1>z x+1<—z
sowme on the left side, i or i))O
vut Hhe wuwmber on the x> 3 x < 5

vight is negative ond
the inequality sign 1
vevevsed\.

. 10 4 : .
The solution is (—w,—g) or (g,w). Graph both intervals on the same number line to

generate the graph of 2—3|x +1| < —5, as illustrated by Figure 1-9.

_10 4
3 3
- i s : .j: ; R

4 3 9 -1 0 1 2 8 4

. All real numbers satisfy the inequality 2 — 3|x + 1| < —5, except
Figure 1-9 10 4
those on the interval [_7’§J .
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Systems of Equations and Inequalities
Fvd o common solution shaved vy wultiple equations ov inequalities

1.28 Solve the following system of equations using the substitution method.
—8x+2y=—5
2x—y=1

Solve the second equation for y and substitute its value into the first equation.

—8x+2(2x—1)=—5 SO\V-W\S 2x—Yy~= | -POV'y

=2x— 1. This

—8x+4x—2=-5 91V€$ youy :
—4x=-3 Allows you to veplace y
the other equation with
3
M= 2x— \.
4

Substitute this x-value into the equation solved for y at the start of the problem.

3 6 1
y=2x-1= 2(2) —1= 4 == 9 (%li) is also the point wheve
the graphs of the lines

—8x + 2y = =S amd

2x —y = | intevsect.

The coordinate pair (x,y) is the solution: (2%)

1.29 Solve the following system of equations using the elimination method.

2x—by=—11
3x+13y=4

To eliminate x from the system, multiply the first equation by -3, multiply the
second equation by 2, and then add the equations together.

—6x +15y = 33

Another option

6x +26y = 8 is to eliminate vy by
41y = 41 multiplying the top equation
y = 1 by 1% amd the bottom

: : g ;s ’ tom by S.
Substitute y = 1 into either of the original equations and solve for x. S 4

2x—by=—11
2x—5(1)=—-11
2x=—11+5
x=—§=—3
2

The point (-3,1) is the solution to the system of equations.

x—6y=24

1.30 Solve the system of equations: 4§ 1
g X — 2y =8
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Use the substitution technique, as the first equation is easily solved for x:
x=6y+ 24.

%(6y+24)—2y=8

2y+8—-2y=8
8=8

n

I¥'s “easily solved fov *

vecaunse the coeP—Eaev\{-
ok xis \. Not weeding Yo

Avide by am w-coebficient

ckion Yo . . . o
e \ess fvar The end result is a true statement (8 = 8), but no variables remain. This indicates

that the equations of the system are multiples of each other (dividing the first
equation by 2 results in the second equation); the system is therefore dependent
and possesses infinitely many solutions.

7

wmeoms o
Aeal with.

Even though
the equations
“Aependent” systems
look Aibfevent, their
graphs ave exactly
the same. No matter
what x you plug imto
the equatious, yowll
get tHhe sowme vy, s0
they intevsect at
finitely many
points amd hawve
infinitely many
common solutions.

1.31 Determine the real number value of kin the system of equations below that
makes the system indeterminate.

x—6y=—13
4x—ky=1

An indeterminate system of equations has no solution. Consider this geometric
explanation: If the solution to a system of equations is the point(s) at which the
graphs of its equations intersect, then an indeterminate system has no solution

because the graphs of the linear equations do not intersect. The slope of the first

.. 1 1 .. 4 4
line is i and the slope of the second line is ~ = Set the slopes equal to

create parallel lines, and solve for k.

4_1
k 6
. Cross multiply to solve the proportion.
This is +he slope shovtcut 4:6=k-1
fovmula Lrowm problem |3, 24 =¢

1.32 Graph the solution to the below system of inequalities.
y<3

x=—4

2
>—x—1

Graph the inequalities on the same coordinate plane, as illustrated by Figure 1-10.
The region of the plane upon which the shaded solutions of all three inequality
graphs overlap is the solution to the system.
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- e S e >
7
7 i i
2 ol Figure 1-10
- s . . ., . .
H 7 The solution to a system of inequalities is a
— 3 - ¢ two-dimensional shaded region. Note that
s y = 3 is a horizontal line 3 units above the
,/"1" x-axis and x = —4 is a vertical line four
! units left of the y-axis.
//
> -3+
£ 7
» al
1.33 Solve the following system of equations. .(

3x+2y—2=0 /‘
bx—y—8z=9 (b
x+4y—32=—22

Solve the first equation for z: z= 3x + 2y. Use this expression to replace zin the
other two equations of the system.

x+4y—32=-22
x+4y—3(8x+2y)=—22
x+4y—9x—6y=—22

bx—y—8z=9
5x—y—8(3x+2y)=9
bx—y—24x—16y=9

e D=t —8x—2y=-22 You
oY= —4x—y=—11 Cam Aivide
You're left with a system of two equations in two variables: ;f; “2Zy=-22 by
"“’“M\Dev exce +
—19x—17y=9 0{""‘”‘0‘4*‘ ﬂP\CeCF‘;hg
—4x—y=-11 € solution, To make

things o litHe epgi -
You shoula i de !
evevyH,\i“ 9 in
Hhis equatio,
by 2

Solve this system using substitution. (Solve the second equation for y to get
y=—4x+ 11 and substitute that expression into the other equation.)

—19x—17(—4x+11)=9

—19x+68x —187=9
49x =196

x=4

Plug x = 4 into the equation you previously solved for y.

y=—4x+11
y=—4(4)+11
y=-5

Plug x=4 and y = -5 into the equation previously solved for z.

z2=3x+2y
z=3(4)+2(-5)
z=2

The solution to the system of equations is (x,y,z) =(4,-5,2).
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